Introduction
The Monster group M acts ag-transitively on a diagram geometry M which is described by the following diagram: Q 2 , Q 3 be Suzuki-pure subgroups in Q 8 with Q 1 < Q 2 < Q 3 , so that jQ i j = 3 i for 1 i 3. Then the points, lines, planes and quadrics in M are de ned to be the subgroups in M conjugate to Q 1 , Q 2 , Q 3 and Q 8 , respectively, with F = fQ 1 ; Q 2 ; Q 3 ; Q 8 g being a maximal ag. Let M i = N M (Q i ) be the maximal parabolic subgroup corresponding to the ag-transitive action of M on M. Then M 8 is as above while M 1 in the normalizer of a Suzuki type subgroup Q 1 (which we will also denote by ) and M 1 3 1+12 :2 : Suz:2 by 1.1a. The stabilizer of F in M contains a Sylow 3-subgroup of M. Hence for two elements of M to be incident it is necessary for their common stabilizer in M to contain a Sylow 3-subgroup. Let P i = O 3 (M i ), P i be the kernel of the action of M i on the residue of Q i in M and M i = M i =P i for 1 i 4. It is clear that Q i P i and that Q 8 = P 8 = P 8 . For i = 1, 2, 3 and 8 by M i we denote the set of points, lines, planes and quadrics in M, respectively. For an element in M by M i ( ) we denote the set of elements in M i incident to .
Let be the graph on the Suzuki type subgroups in Q 8 in which two subgroups are adjacent if they are orthogonal with respect to '. Then is strongly regular with parameters v = 1 066; k = 336; l = 729; = 92; = 112: (that is, has v = 1 066 vertices, every vertex has k = 336 neighbors and l = 729 vertices in distance two, two adjacent vertices have = 92 common neighbors and two vertices of distance two have = 112 common neighbors.).
The quotient M 8 =Q 8 induces a rank 3 action on , so that if 2 then N M8=Q8 ( ) acts transitively on the set 1 ( ) of points adjacent to in and on the set 2 ( ) of points at distance 2 from . The next statement follows from standard properties of classical groups.
Lemma 1.3 Let L = N M8=Q8 ( ) and z be an involution from O 3;2 (L). Then (d) z acts xed point-freely on ? = and on O 3 (L); it centralizes a unique subgroup " 2 2 ( ) and C Q8 (z) = h ; "i is 2-dimensional containing two subgroups of Suzuki and two subgroups of Fischer type.
Since N M8 ( ) contains a Sylow 3-subgroup of M, it contains P 1 = O 3 (N M ( )). By 1.1a and 1.3, we have P 1 \ Q 8 = ? , P 1 Q 8 = O 3 (N M8 ( )) and z acts xed-point freely on P 1 =Q 1 . This shows that all the points collinear to are contained in P 1 and that P 1 = P 1 hzi. Let Figure 1 and S is the full automorphism group of ; (c) if K is a maximal clique in then jKj = 11, the setwise stabilizer T of K is a maximal subgroup in S and T 3 5 :(2 Mat 11 ), so that O 3 (T ) is generated by the subgroups from K and T=O 3;2 (T ) Mat 11 acts 5-transitively on the vertices of K while O 3 (T ) xes none of the vertices outside K; (d) let be the vertex of stabilized by U, then the geometry of cliques and edges containing with the incidence relation via inclusion is isomorphic to the geometry of 1-and 2-dimensional totally isotropic subspaces in 6-dimensional orthogonal GF(3)-space of minus type and it is acted on ag-transitively by O 2 (U)=O 3 (U) U 4 (3) P ? 6 (3); (e) if % is a vertex at distance 2 from in then the subgraph induced on the vertices adjacent to both and % is the complete bipartite graph K 4;4 .
(f) If % is a vertex of distance 2, 3 or 4 from then h ; %i is isomorphic to SL 2 (3), Alt(5) and Alt(4), respectively.
Next we make use of the following information about the action of M 1 on the set of subgroups of order 9 in P 1 containing (cf. Wi] The main result of the paper is the following. Here and elsewhere a tuple fH i j2 Ig of subgroups in a group will also be viewed as the amalgam obtained by considering the intersection of the H i and the inclusion maps.
To prove the theorem we de ne G to be the universal completion of the amalgam fM i j i = It is easy to deduce the structure of two other parabolic subgroups (compare RS]):
:2:(L 3 (3) 2):
In IS] the geometry M( ) was proved to be simply connected. Proof: Abusing the notation we denote by the point stabilized by M 1 so that 2 . By 1.3d every quadric incident to contains besides exactly one point " centralized by z and " is not collinear to . This means that the set ( ) of points adjacent to in is in a natural bijection with the set of quadrics incident to , i.e. with the vertices of the graph as in 1. Let l be a line incident to and let , , and be all the points incident to l. Since z acts xed-point freely on P 1 = 3 12 , we can choose our notation so that z inverts and permutes and . So on every line incident to there is exactly one point which is inverted by z. Since C M1 (z)P 1 = M 1 , C M1 (z) permutes transitively the lines incident to and hence also the points collinear to and inverted by z. This implies that C M (z) permutes transitively the points collinear to and centralized by z.
Let Q 8 denote a quadric incident to l and let " be the point in Q 8 other than centralized by z. Then " is collinear to exactly one point on l. We know that and " are not collinear and since and are permuted by z, " is collinear to . Thus in every quadric incident to l besides there is exactly one point collinear to and centralized by z. By the diagram of X there are exactly 11 such quadrics which correspond to a clique K of . Let = f g K and H be the setwise stabilizer of in C X (z). Since locally is , K is a maximal clique in , C M1 (z) acts transitively on the set of cliques in and since C X (z) is vertex-transitive on , we see that H acts transitively on . Since is the only point which is collinear to every point in , it is clear that H C M (z). Since z acts xed-point freely on P 1 = , C P 1 (z) = 
In what follows we will need the detailed information on the structure of 6-dimensional GF(3)-modules of 2 : Mat 12 contained in the following lemma. Moreover, if C = C X is a geometry whose elements are maximal cliques, triangles, edges and vertices of X with respect to the incidence relation given by inclusion, then C corresponds to the following diagram: An important role in the realization of this step will be played by a simply connected subgeometry in G.
Let be a subgroup of Fischer type as in in section 2. Then k := is a subgroup of order 9 in P 1 which is not a line (so that k is as in 1.5b). Since z acts xed-point freely on P 1 =Q 1 , as in the proof of 4.1 we have a unique subgroup of order 3 in k which is normalized and inverted by z. Hence we can and do choose so that z inverts . By 2.2 there is a subgroup M 3 : M (24) Since is locally , its maximal cliques have size 6 and two such cliques are either disjoint or have intersection of size 1, 2 or 3. De ne U to be a geometry whose elements are maximal cliques, triangle, edges and vertices of with the natural incidence relation. Since = \ M( ), it is easy to see that the diagram of U is the following. As follows from 4.4, the isomorphism type of U is independent on whether X = M or X = G, since U is contained in M( ) which is simply connected. It worth mentioning that U itself is simply connected as proved in Me] and that is distance-transitive with the distribution diagram given on Figure 2 .
A characterization of C M
It is not know whether the geometry C M is simply connected. In this section we establish a su cient condition for a covering of C M to be an isomorphism in terms of the subgeometry U and its images under C M (z). Let R = O 2 (C M (z)) which is extraspecial of order 2 25 . We start by de ning the folding C of C M with respect to the action of R.
The kernel of the action of C = C M (z) on C M is hzi and since O 2 (C i =hzi) = 1 for i = 1; 2; 3 and 12, the action of R=hzi is xed-point free. Let C be the folding of C M with respect to the action of R. This means that C is a geometry whose elements are the orbits of R on C M with two such orbits O 1 and O 2 incident if and only if an element from O 1 is incident in C M to an element from O 2 . Since R=hzi acts xed-point freely on C M , it is easy to see that if O 1 and O 2 are incident in C then each element from O 1 is incident in C M to exactly one element from O 2 . Let be the collinearity graph of C which is also the folding with respect to the action of R of the collinearity graph M of C M .
We put C = C=R and use the bar notation for the images in C of subgroups of C. Then is a subgroup of order 3 in C and N C ( ) 3 : Suz:2 which is a maximal subgroup in C. This enables us to identify the vertices of with the Suzuki-type subgroups of order 3 in C Co 1 . We will use the following properties of the action of C on .
Lemma 5.1 Let C = Co 1 , be the set of Suzuki-type subgroups of order 3 in C, 2 and C( ) = N C ( ) 3 : Suz:2. Then C acts primitively on while C( ) has 5 orbits on : f g, 1 ( ), (e) B 4 G 2 (4):2 acts primitively on 1 ( 4 ) \ i ( ) for i = 1 and 3, h ; 4 i = Alt(4) ; (f) the subgraph induces on 1 ( i ) \ 1 ( ) is empty for i = 3 and 4; (g) each vertex from 1 ( 3 ) \ 3 ( ) is adjacent to a vertex from 1 ( 3 ) \ 1 ( ) or to a vertex from 1 ( 3 ) \ 2 ( ) Proof: The subdegrees, 2-point stabilizers B i of the action of C on and h ; i i are well known Let i 2 1 ( ) \ 1 ( i ) for i = 2; 3; 4, then since locally is , the distance from to j in the subgraph induced on 1 ( i ) is i. Hence the subgraph induced by 1 ( i ) \ 1 ( ) is empty for i = 3 and 4, while for i = 2 it is locally K 4;4 (compare 1.4e). It is well known and easy to check that K 4;4;4 is the only connected graph which is locally K 4;4 and the structure of the subgraph induced on 1 ( 2 ) \ 1 ( ) follows. Finally, every transitive action of B 2 of degree 40 is primitive and has O 2 ( B 2 ) in its kernel. Thus all statements except (g) are proved.
We will prove (g) with the roles of and 3 interchanged. For this we rst determine the orbits of B 3 on 1 ( ). Let A = h ; 3 i. Then A = Alt(5). Note that there exist exactly two elements 2 \ A such that h ; i = Alt (4) BvL] the orbit of J on the edge-set of containing an edge fy 1 ; y 2 g of is uniquely determined by the pair fd 1 ; d 2 g where d i is the distance from x to y i in . This and the parameters of given above show that under the action of J the set of edges of (identi ed with the set ? 1 ) splits into four orbits 1 , 2 , 3 and 4 corresponding to the pairs of distances f0; 1g, f1; 1g, f1; 2g and f2; 2g and having lengths 100, 1 800, 6 300 and 12 600, respectively. Let 5 = 1 ( ) \ 1 ( 3 ) and 2 5 . Note that J acts transitively on 5 and j 5 j = 280. By (a) commutes with 3 . Thus J K and so 2 ? 2 and 5 is an orbit for J on ? 2 . Let K 2 be the stabilizer of in K. Then = O 3 (K 2 ). The image W of W = C M (z) in C is isomorphic to U 6 (2):Sym(3).
Since locally (as well as ) is the commuting graph of 3-central subgroups of order 3 in U 5 (2):2 which is strongly regular, it is easy to see that in terms of 5.1 f g 1 ( ) 2 ( ). Let % :C ! C M be a covering of C M such that there is a ag-transitive automorphism group C ofC which commutes with % and whose induced action on C M coincides with that of C=hzi. In particular % can be the restriction to a connected component of C G of the morphism of C G onto C M induced by the homomorphism : G ! M. In this caseC is the setwise stabilizer in C G (z)=hzi of that connected component. LetR be the kernel of the natural homomorphism ofC onto C C=R.
Let~ be the collinearity graph ofC so that there is a natural morphism of~ onto .
Let and W be as in 4.4. Let be the image of in and W be the image of W in C. Let be a connected component of the preimage of under % and letW be the stabilizer of~ in the preimage of W=hzi inC.
Lemma 5.3 In the above notation~ is isomorphic to ,W W=hzi 2 2 :U 6 (2):Sym(3) and hencẽ W \R is elementary abelian of order 2 2 . Proof: The result follows from 4.4 and the fact that is the collinearity graph of the geometry U which is simply connected by Me].
Let T ( ) be the set of images of under C which contain . Equivalently we can de ne T ( ) to be the set of images of under N C ( ). Let~ be a preimage of inC. LetT (~ ) be the set of connected subgraphs~ such that~ 2~ and~ maps onto some 2 T ( ). If~ 2T (~ ) and U :=C(~ ) is the setwise stabilizer of~ inC, then by 5.3 O 2 (Ũ) =Ũ \R is of order 2 2 . Let R = hO 2 (C(~ )) j~ 2T (~ )i: Lemma 5.4R =R.
Proof: Let^ be the folding of~ with respect to the orbits ofR . This means that the vertices of^ are the orbits ofR on the vertex set of~ with the induced adjacency relation. Notice that in the way it is de ned^ is not necessary vertex-transitive although every automorphism fromC stabilizing~ can be realized as an automorphism of^ . Nevertheless eventually we will see that^ is equal to and in particular it is vertex-transitive. Since the vertices of can be considered as orbits ofR on~ andR is contained inR, there is a covering ! :^ ! andR =R if and only if ! is an isomorphism. Let^ be the image of~ in^ . SinceR is normalized by the stabilizerC(~ ) of~ inC, there is a subgroupĈ(^ ) in the automorphism group of^ which stabilizes^ and maps isomorphically onto C( ) 3 : Suz:2. We will identifyĈ(^ ) and C( ). For^ 2^ let^ 1 (^ ) be the set of vertices adjacent to^ in^ . Since ! is a covering, the subgraph induced on^ 1 (^ ) is isomorphic to and if^ =^ thenĈ(^ ) induces the full automorphism group of this subgraph. HenceĈ(^ ) has exactly three orbits, on the vertices at distance 2 from^ . We denote these orbits by^ i (^ ), so that !(^ i (^ )) = i ( ) for 2 i 4. Let^ i 2^ i (^ ) andB i be the stabilizer of^ i inĈ(^ ). We assume that there is a vertex^ 1 2^ 1 (^ ), adjacent to^ i for 2 i 4 and that^ 3 is adjacent to^ 2 and^ 4 . Assuming also that !(^ i ) = i , we can considerB i as a subgroup in B i , 1 i 4. Notice thatB i acts transitively on the set^ 1 (^ ) \^ 1 (^ i ). Since ! is a covering, the subgraph induced bŷ 1 (^ ) \^ 1 (^ 2 ) is union of m disjoint copies of K 4;4;4 where 1 m 40. For~ 2T (~ ) the image^ of~ in^ is isomorphic to as in 5.2 and is contained in f^ g ^ 1 (^ ) ^ 2 (^ ). The parameters of imply that m 3. Since B 2 acts primitively on the 40 copies of K 4;4;4 as in 5.1c we have m = 40 andB 2 = B 2 . By 5.1cB 2 has three orbits on the vertices from^ 1 (^ 2 ) with lengths 480, 5 120 and B 2 \B 3 has order order divisible by 2 7 . By 5.1d the stabilizer inB 3 of a vertex from^ 1 (^ ) \^ 1 (^ 2 ) has order not divisible by 2 7 and soB 3 \B 1 is a maximal subgroup of B 3 not containingB 2 \B 3 . ThusB 3 = B 3 . Arguing similarlyB 3 \B 4 andB 1 \B 4 are two di erent maximal subgroups of B 4 and soB 4 = B 4 . Let^ be a vertex adjacent to^ i for i = 2 or 4. By 5.1c,e^ is conjugate under C(^ ) to^ j for some 1 j 4, except maybe in the case there^ is adjacent to^ 2 and^ maps onto an element of 2 ( ). In the latter case we see from the distribution diagram of that such a^ can already be found in the residue of 1 . Hence in any case a vertex adjacent to^ i for i = 2 or 4 is in j (^ ) for 1 j 4. Suppose that there is a vertex^ which is adjacent to^ 3 and whose distance from^ is 3. By 5.1g there must be a vertex in^ 1 (^ 3 ) \^ j (^ ) for j = 1, or 2 which is adjacent tô . As we have seen above, this is impossible. Hence there are no vertices at distance 3 from^ and ! is an isomorphism.
Corollary 5.5 C is the universal completion of the amalgam ( C 1 ; C 2 ; C 12 ; W).
6 Construction of the 2-locals : Co 1 and R = O 2 (C). Our nearest goal is to construct in C G (z) a subgroupC which maps isomorphically onto C. As above let be the graph on the set of points centralized by z in which two points are adjacent if they are incident to a common quadric. We will obtainC as the stabilizer in C G (z) of the connected component of containing . Let be a maximal clique in containing , H be the setwise stabilizer of in C X (z) and put A = O 3 (H). Proof: The image in C=R = Co 1 of H is the full normalizer of the image of A which shows that R 0 R and R 0 = C R ( ). Note that R=hzi; A] is a non-trivial GF(2)-module for H of dimension at most 24. The restriction of this module to A is a direct sum of irreducible 2-dimensional modules and the kernel of such a summand is a hyperplane. We claim thatR is normal inC. By de nition H normalizesR. Moreover, R 0 = hV H\C0 i. Let t 2 H \ C 2 n C 0 . As C 0 \ C 2 is of index two in C 2 , t normalizes C 0 \ C 2 . Also t permutes and 0 and we conclude thatR = R 0 R t 0 is normalised by R 0 ; C 0 \ C 2 and t. Thus both C 0 = R 0 (C 0 \ C 2 ) and C 2 = (C 0 \ C 2 )hti normalizeR. Since C 1 = hC 1 \ C 2 ; C 1 \ Hi,R is indeed normal inC.
Note thatC=R is a completion of the amalgam (C 1R =R; C 2R =R; C 12R =R; WR=R). As O 2 (W ) R , we can apply 5.5 and conclude thatC=R = C = Co 1 . ThusC 2 1+24 + :Co 1 and since C is a quotient ofC, we obtainC = C In view of the preceding proposition our nearest goal is to nd such an amalgam inside of G. The rst part, namely nding the subgroups, is already accomplished. Indeed the groups C 0 ; C 1 ; C 2 ; ; C 12 = H and W had been de ned for X, in particular for G and for M. It remains to show that the pairwise intersections are the same when regarded as subgroups of G and M, respectively. The fact that the pairwise intersections between C 1 , C 2 , H and W are correct follows immediately from the de nitions of these groups. Also H M and since Q is perpendicular to Q and Q we conclude from 2.2 that C 0 intersects C 1 , C 2 and H correctly. In remains to check the intersection C 0 \ W. As We now proceed nding the remaining terms E 4 and E 8 (cf. Section 3) of the 2-local geometry of M. Of the 3-local subgroups considered so far only the normalizers of Fischer type subgroups contain a conjugate of E 4 . (This follows from the fact E 4 centralizes all subgroups of odd order in M which are normalized by E 4 .) This is not enough to reconstruct N as a subgroup of G and we are forced to rst locate a further 3-local subgroup of G containing E 4 . By 4.2g there exists a 2-space F in A all of whose 1-space are in B and so of Fischer type. Moreover N H (F )=C H (F ) = GL 2 (3) and there exists L 1 ; L 2 in L with F L 1 \ L 2 . Choose F so that F and let be a further Fischer type subgroup of F.
We are trying to locate subgroups of N G (F ) and for this we will produce a quadric d 0 with F Q d 0 . Let z 0 be an involution in H so that P z = P z 0 , but P z 6 = P z 0 . Then by 3.3b z 0 = z r for some r 2 M conjugation of the corresponding statements for z we get C M (t) C t and C MF (t) C t .
Lemma 6.5 CC(E) C t . Proof: Put C E = CC(E). Then C E 2 2+11+22 :Mat 24 . Moreover C E \ M = N CE ( ) and so modulo O 2 (C E ), C E \M has shape 3 : Sym(6). Similarly modulo O 2 (C E ) the intersection C E \M F is of shape 3 2 :GL 2 (3). By At] no proper subgroup of Mat 24 has two such subgroups and thus C E = hC E \ M ; C E \ M F iO 2 (C E ). Since has xed points on any composition factor for C E on O 2 (C E ) this implies C E = hC E \ M ; C E \ M F i C t .
Let E 8 be a pure Conway type eights subgroup of T 0 such that E 8 O 2 (C T 0 (x)) for all 1 6 = x 2 E 8 and E E 8 . Put E 4 = E and for i = 4; 8 put C Ei = T 16 =x2EiC x . Then by 6.5 C Ei = CC(E i ). Moreover N T (E i ) normalizes C Ei and induces on E i its full automorphism group. Put N = C E4 N T (E 4 ) andL = C E8 N T (E 8 ). Then maps the amalgam (C;Ñ;L) isomorphicly onto the amalgam (C; N; L) as in Section 3. LetM be the group generated byC;Ñ andL. Then by 3.1 mapsM isomorphicly onto M. Thus to complete the proof of 1.6 it remains to show that G =M.
For this note rst that M is generated by its intersection withC andÑ. Moreover, M 1 and M 8 are both generated by their intersections with M andC. Finally M 1 and M 8 generate G and so G =M and 1.6 is proved.
